In a recent note in these PROCEEDINGS,' we gave a proof of the geodesic hypothesis in the Einstein theory of gravitation for the motion of a material body B having a stress-energy tensor T of the form TAB = PWAWB -PhAB, (1) in which the WA are the components of the unit time-like velocity vector and the quantities hAB are the components of the metric tensor of the space. The scalar p in these equations is the material density and is assumed to satisfy a conservation law; finally, the quantity p is a scalar which is commonly called the pressure although it is not to be confused with a hydrodynamical pressure. A stress-energy tensor of the type (1) was originally used by Einstein2 in his cosmological theory and would appear to be the simplest such tensor which will effectively represent the energetic relationships inside a material body in the absence of electromagnetic forces.
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A. H. Taub3 investigated the possibility of applying the procedure, used in the above note, to the case of a relativistic fluid having a stress-energy tensor with components TAB = (P + Pe + P)WAWB -PhAB,
where p is the material density, p is the so-called pressure, and the quantity E(p,p), which is a function of the variables p and p, is the specific internal energy of the fluid as measured by an observer moving with it; the conservation of mass is also assumed as an inherent part of this theory, i.e., it is assumed that (PWA);A = 0 (3) where the semicolon denotes covariant differentiation. Taub arrived at a proof of the geodesic hypothesis for the relativistic fluid only under the condition that the motion be barotropic, i.e., that all of the thermodynamic variables be functions of one of them which he took to be the pressure p. Obviously, it would be desirable to eliminate the barotropic condition or to replace it, in any case, by a condition which appears to be more natural from the standpoint of the problem in question. With this in mind, we shall prove the following result. The world tube corresponding to the motion of an incompressible relativistic fluid body contains a geodesic world line in its interior. To avoid possible misunderstanding, we emphasize that the term incompressible is used with reference to a fluid body in a state of incompressible motion and is to be interpreted, in no sense, as expressing a characteristic property of the body since no body as such is strictly incompressible. One would expect the condition of incompressibility in the above italicized statement to be a reasonable assumption in describing the ordinary behavior of a system of fluid bodies, moving freely under their mutual influences, although special situations may possibly occur for whicb this condition will be violated.
PHYSICS: T. Y. THOMAS PROC. N. A. S.
To prove the result under consideration, we first construct and equate to zero the components of the divergence of the stress-energy tensor defined by (2); this gives, after some manipulation and application of the condition (3), the following set of four equations SWWB PB(hAB -WAWB) = -(P.,WB + pWB)WA, where the comma denotes partial differentiation and we have used a-to stand for the coefficient of WAWB in the right member of (2). Now multiply both members of the above equations by WA and sum on the repeated index A. The left member of the resulting equation is then seen to vanish identically and hence the above equations break up into the following two sets of equations, namely, 
In deriving the equations (4) and (5), no use has been made of the condition of incompressibility which is expressed by the vanishing of the quantity WB in (5); from this condition and (5), it therefore follows that PE,BW = d°d s i.e., the specific internal energy E(p,p) is constant along world lines. Also from (3) and the condition of incompressibility we have (pWA) = PWA + pWA = PA dp = 0 or, in other words, the density p must be constant along world lines. But the constancy of the functions E(p,p) and p along world lines implies, in general, that p is likewise constant along the world lines and hence the argument of our foregoing note can be applied to show that there must be some world line L, interior to the tube, such that all derivatives PA vanish along L. It then follows from this fact and the equations (4) that L is a geodesic and the proof is complete. It is seen immediately from equation (5) and Taub's result that the barotropic condition implies the condition of incompressibility; consequently, any inadequacy arising from the restriction to incompressible fluids will also be present in the case of the barotropic relativistic fluid. An investigation of the geodesic behavior of general relativistic fluids is evidently indicated. If geodesic behavior cannot be demonstrated for relativistic fluid bodies in all situations where the geodesic hypothesis is clearly applicable, then, it seems to us, one should seriously consider some suitable modification of the equations which characterize these fluids in order to insure the validity of this basic requirement.
